January 1976 J.

TENENBAUM

Spectral and Spatial Energetics of the GISS Model Atmosphere

J. TENENBAUM

Institute for Space Siudies, Goddard Space Flight Center, NASA, New York, N. V. 10025
and State University of New York, College at Purchase 10577

(Manuscript received 18 April 1975, in revised form 28 August 1975)

ABSTRACT

A calculation of the spectral and spatial energetics of the Goddard Institute for Space Studies (GISS)
9-level model of the global atmosphere is given. Results are presented from a model simulation of January
1973 and compared with previous model studies and an observational analysis for the Northern Hemisphere.
The spectral analysis permits detailed study of those physical processes of scale larger than the grid spacing
and allows indirect conclusions concerning unresolved subgrid-scale processes. For larger-than-grid-scale
processes we conclude that: 1) the GISS model with a relatively coarse resolution of 4° latitude by 5° longi-
tude produces significant nonlinear energy transfers; 2) baroclinic conversion is large near planetary wave-
number 6, but both the GISS model and another orographic model show a less peaked structure than non-
orographic models and observations; and 3) Saltzman’s previously published compilation of observed
spectral energetics is based on analyses that, when normalized, are probably too large by about 25%. A
linear fit to the kinetic energy spectrum yields a power law of —2.6 in the wavenumber region 8 to 15. For
subgrid-scale processes, the turbulence theory result of very small energy flux cascade is obtained. For the

15

spatial energetics we find good agreement with recently published climatological data.

1. Introduction

A description and numerical results for the Goddard
Institute for Space Studies (GISS) global atmospheric
model have recently been published (Somerville et al.,
1974). In this paper we extend these results by pre-
senting a detailed spectral and spatial analysis of the
GISS model energetics for January 1973. The model
spectral analyses are compared with the results of
identical calculations performed on observational data
for January 1973, with analyses of other general circula-
tion models (Manabe ¢t al., 1970), and with observa-
tional data reviewed by Saltzman (1970). The spatial
analyses are compared with recent observational re-
sults of Peixoto and Oort (1974) and Oort and Peixoto
(1974).

Although the model calculations are over a global
domain, only Northern Hemisphere results will be
presented. The Southern Hemisphere results lack
sufficient observational data for comparison. We will
deal with most phenomena which are of interest using
spectral techniques with the exception of tropical waves.
This is a large area of study in its own right (Wallace,
1971). In this paper, our primary purpose is to compare
the model energetics with observation in the spectral
domain and to document the model energetics in the
spatial domain.,

The standard energy diagram contains components
for zonal available potential energy, eddy available
potential energy, zonal kinetic energy and eddy

kinetic energy, and conversions among these four com-
ponents (Lorenz, 1967). The GISS model is in basic
agreement with Qort’s (1964) calculation of these
quantities from observational data (Somerville et al.,
1974). Further insight into the model’s strengths and
weaknesses is provided by obtaining a spectral de-
composition. The technique involves subdividing the
eddy components and conversions into their Fourier
transform components around latitude circles.

The results from such a decomposition provide insight
into two related areas. First, we may verify the be-
havior of physical processes explicitly resolved by the
model. An example is large-scale baroclinic conversion
in the production of mid-latitude cyclones. These re-
sults will be discussed under the heading of “larger-
than-grid-scale processes.” Second, we may draw in-
direct concludions about subgrid-scale processes. No
finite grid model can explicitly account for turbulent
motions on a scale smaller than the grid spacing. Im-
plicit assumptions must be made concerning the sub-
grid-scale energy and its interaction with the larger
scales. These assumptions reflect our solution to the
“closure problem” of turbulence theory.

The GISS model is described completely in Somer-
ville ef al. (1974), which will hereafter be referred to
as S. The major characteristics are as follows. It is a
9-level, primitive equation model in o-coordinates. The
domain is global with a 4° latitude by 5° longitude
grid. The model includes orography, an extensive hy-
drological cycle, and parameterized subgrid-scale cumu-
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TaBLE 1. Definitions of energies and conversions used in this paper, Saltzman (1970), and Manabe et al. (1970).

Saltzman Manabe et al.
This paper Definition (1970) (1970)»
K(0) zonal kinetic energy K(0) Kz
P(0) zonal available potential energy P(0) Pz
K(n) eddy kinetic energy of wavenumber # K(n) K.
P(n) eddy available potential energy of wave- P(n) —
number # )
C(P(0),P(n)] conversion from P(0) to P(n) R(n) —_
CEP(n),K (n)] conversion from P(n) to K(n) C(n) P,
C[K(n),K(0)] conversion from K(n) to K(0) M(n) T
CLK (m|n)] conversion K (m) to K(n) summed from L(n) n
m=1 to a maximum value, M
D(0) dissipation from zonal kinetic energy D(0) D(0)
D(n) dissipation from eddy kinetic energy D(n) D(n)
of wavenumber 7
E(n) enstrophy of wavenumber # — —

8 Manabe ef al.’s T, is the sum of C[K(#),K(0)] and C{ K (m|n)].

lus convection. The radiation calculations take into
account the calculated cloud and water vapor distribu-
tion. A quasi-conservative spatial differencing scheme
due to Arakawa (1966, 1970, 1972) is used with a 5 min
time step.

In the next section we will review the theory and
results of previous spectral studies. Section 3 presents
the detailed methods used in this study. In Section 4
we present our results and in Section 5 we discuss our
conclusions.

2. Theory and previous studies
a. Spectral energetics

The procedures for spectral analysis of the equations
of motion were given by Saltzman (1957). He argued
that most turbulence theory analyses dealt with the
growth of eddies at the expense of the mean flow. By
contrast, direct conversion from eddy available po-
tential energy to eddy kinetic energy is meteorologically
significant. The result is a growth of the mean flow at
the expense of the eddies. Saltzman concluded that a
detailed spectral analysis of the equations of motion
would allow both directions of energy flow to be
examined together.

A number of studies, following Saltzman’s sugges-
tion, attempted to extract portions of the spectral
energy cycle from the observational data. These efforts
were reviewed by Saltzman (1970) where he also gives
the integrals used to calculate the spectral energies
and conversions. His nomenclature differs from that of
nonspectral energetics papers. Table 1 gives the defini-
tion of each spectral energy and conversion and the
translation between the nomenclature used in Saltzman
(1970), Manabe et al. (1970), and this paper. Table 2
defines all other symbols used in this paper. Saltzman
combined the most comprehensive of the observational
papers (Yang, 1967; Wiin-Nielsen, 1964; Saltzman

and Fleisher, 1961) to obtain the overall spectral energy
diagram for winter shown in Fig. 1.

The results imply a cycle consisting of diabatic
generation of zonal available potential energy, P(0),
followed by a cascading down to the various wave-
number components of eddy available potential energy,
P(n), with most energy left in the smaller wave-
numbers #. Baroclinic conversion then occurs to eddy
kinetic energy, K (%), with the maximum occurring at
n=06 corresponding to the wavelength of maximum
baroclinic instability (Kuo, 1952). Finally, the indi-
vidual eddies feed K (0), the energy of the zonal motion.
This overall process is consistent with the total energy

TaBLE 2. Symbols used in this paper.

n wavenumber
M

M cutoff in summation of CLK(m|n)}= X, C[K(m),K(n)],
m=1

. where C[K(m),K(n)] is the conversion from K(m) to
K(n)

A latitude

¢ longitude

P pressure

t time

a radius of earth

% zonal velocity

v meridional velocity

(complex) Fourier transform of meridional velocity »

1 27
zonal average [ =— f x d)\]
2r Jo

w pressure velocity dp/dt ,
1 21

Gz variance of variable x [= P f d)x(x—[x])z]
7w Jo

e cutoff wavenumber in summation of nonlinear interaction
term: see Table 3

residual in K (n) {=C[P(n),K (n)]+CL[K (m|n)]
—C[K(n),K(0)]—D(n)}

F(n) energy flux through wavenumber

[: ﬁ " dn'cuz(mln')]]

A(n)
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F1c. 1. Spectral energy diagram for winter from Saltzman
(1970). Boxes contain zonal energies, P(0) and K(0), and eddy
energies, P(n) and K (n), associated with wavenumbers 1 to 15.
Units for energies are 10° J m™2. Labelled arrows are conversions
with the symbol for each conversion given at the bottom of each
column, Units for conversions are W m™2,

flow (Oort, 1964) and with the view of meteorological
phenomena as negative viscosity effects (Starr, 1968).
The correspondence of the model and observational
energy cycles measures how well the model incorporates
the larger-than-grid-scale features of the equations of
motion.

Subgrid-scale phenomena are analyzed in terms of
the functional dependence on wavenumber of K (n)
and P(n). Two classes of theories have been suggested
in the literature. The first treats atmospheric motions
as predominantly two-dimensional. The absence of
vortex tube stretching in two-dimensional flow pro-
duces two quadratic integrals to be conserved, energy
and enstrophy (equal to 3 the mean square vorticity).
For wavenumbers from 8 to 15 a simple power law
dependence may be derived using dimensional analysis
and assuming no generative or dissipative processes in
this wavenumber region (Kraichnan, 1967; Leith,
1968). If, in addition, a constant enstrophy cascade is
assumed one obtains a —3 power law, while a constant
energy cascade leads to a —5/3 power law, equivalent
to the Kolmogoroff analysis of classical turbulence
theory.

The second class of theory has been suggested by
Charney (1971). He argues that the turbulent be-
havior of the atmosphere is inherently not two-dimen-
sional as is clear from the nature of baroclinicity itself.
By an elegant analysis he is able to show, however, that
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a three-dimensional quasi-geostrophic theory also leads
to the same power law dependences. He additionally
derives predictions on the equipartition of spectral
kinetic energy in the zonal and meridional directions.

Studies of observational and model data have con-
firmed that the —3 power law holds approximately
for the region of wavenumbers 8-15. (Wiin-Nielsen,
1967; Manabe et al., 1970; Wellck et al., 1971). The
objections raised by Wiin-Nielsen (1967), however,
have not always been considered. He argues that, when
the effect of filtering implicit in the transformation to
uniform grids is included, the real atmospheric slope has
a —2.5 power law. More recently, Julian and Cline
(1974) have examined the untransformed observational
data for kinetic energy at a single latitude, 52°N. Their
winter results for the power law slope are —2.5, —2.7
and —2.8 for 850, 500 and 250 mb, respectively.

Additional turbulence theory effects can be examined
in general circulation models. The power law behavior
can be checked directly. Also, the assumption that the
power law regions are removed from generative and
dissipative regions (and that constant enstrophy
cascade occurs) requires that zero energy flux should
cascade through these regions. Whether analagous
behavior occurs for general circulation models can -
be checked by examining the conversion flux,
C[K(n), K(0)], which is defined as the conversion
from K (n) to K(0).

The major published general circulation models are
those from the Geophysical Fluid Dynamics Laboratory
[GFDL] (Smagorinsky et al., 1965; Manabe et al., 1965,
1970; Manabe and Terpstra, 1974) and the National
Center for Atmospheric Research [NCAR] (Kasahara
and Washington, 1967, 1971; Wellck et al., 1971; and
data in Charney, 1971). A number of studies have been
made with each model. The overall spectra appeared in
papers devoted to examining the effects of horizontal
resolution (GFDL, Manabe et al., 1970; and NCAR,
Wellck et al., 1971) with some additional GFDL re-
sults in Manabe and Terpstra (1974). The GFDL
results include spectra of eddy kinetic energy and re-
lated conversions. Manabe ef al. conclude that de-
creasing the grid size substantially increased the non-
linear conversion effects in the baroclinic wavenumber
region less than wavenumber 6. The results from the
NCAR study (Wellck ef al., 1971) are limited to K(n)
only but imply similar conclusions.

b. Spatial energetics

Non-spectral studies which deal with sums over all
n were suggested by Lorenz (1955, 1967). Observa-
tional results were presented by Oort (1964). Paper S
presented an energy diagram in general agreement with
Oort’s 1964 results. Since that time Peixoto and Oort
(1974) and Oort and Peixoto (1974) have presented
data for individual months and given explicit results
for the spatial dependence on latitude and height. Both
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Fi1c. 2. The nonlinear interaction term, C[K (m|#)], as a function
of the wavenumber cutoff used in its calculation.

their results for P(0) and our method of calculation of
the static stability coefficient differ significantly from
those of Oort (1964) and Paper S, respectively. The
new papers of Oort and Peixoto also contain data on
the spatial distribution of the energies and conversions
which permit a more detailed test of the model.

3. Methods

Spectral analyses of atmospheric data can be per-
formed in one, two, or three dimensions. In part the
choice depends on assumptions concerning the dimen-
sionality of the turbulent processes. For two-dimensional
turbulence theories and a spherical geometry, Baer
(1972) has used spherical harmonics rather than the
more common one-dimensional Fourier transform
around latitude circles. His reasons are twofold: first,
to avoid aliasing by oblique nonzonal waves, and second,
to allow use of the exact conservation properties of
two-dimensional turbulence theories. Lilly (1972) pre-
sents similar arguments, especially for analyses using
rectangular geometries.

For the present study, two-dimensional analyses
present both theoretical and practical problems. Baer’s
techniques require the use of global data or the assump-
tion of some symmetry about the equator. As a result
our Northern Hemisphere results would be partially
dependent on Southern Hemisphere calculations. Less
fundamentally, comprehensive observational data, other
models, and Saltzman’s results are available only in
one-dimensional form. Since our primary purpose is
to present a comparison of the GISS model with the
atmosphere, with other models, and with Saltzman’s
extended energetics diagram, we have performed only
one-dimensional analyses.

The global domain of the GISS model eliminates the
need for artificial boundary conditions at the equator.
In forming the Northern Hemisphere energetics, one
must allow for transfers across the equator. Oort and
Peixoto (1974) have calculated these transfers and
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shown that the only major contribution for January

is an increase of P(0). Our conclusions are limited to

results of conversions to and from K (0) and K (x).
The nonlinear interaction term

CLR(nin))= £ CLK(m),K(n)]

requires an arbitrary cutoff of some value M. Fig. 2
shows the value of this term as a function of M. Values
of M greater than 25 appear adequate. The results
presented in Section 4 use M= 30, the maximum wave-
number calculated in our analysis.

. Our Fourier transform pairs are defined identically
to those of Saltzman (1970):

g()\7¢’p7t)= Z G(n’(ﬁ’p)t)e‘n)\)

n=—oo

1 2
Gl prt) =— f gOnb, )i,
2r Jo :

where g is an arbitrary function of longitude X, latitude
¢, pressure p, and time ¢; G is its Fourier transform,
a function of wavenumber #. The actual transforma-
tions are done by the fast-Fourier-transform method .
(Cooley and Tukey, 1965). The formula for each energy
and conversion are those given in Saltzman (1970). We
have also calculated enstrophy which is given by

1 1 du(n)|?
E(n)=|———inv(n)—-— ,
acosdp a Jd¢

where E(n) is the enstrophy transform, a is the earth’s
radius, and «#(n) and v(x) are the (complex) transforms
of the velocities.

During the model runs, all basic variables were saved
at intervals of 2 h of simulated time. The climatological
results given in S present time averages of the appro-
priate variables at 12 h intervals during January 1973.
The spectral results in this paper represent time aver-
ages of thespectral quantities evaluated at 12 h intervals
for January 1973. For comparison purposes, the spec-
tral results were calculated both for the model and for
a National Meteorological Center (NMC) observa-
tional analysis (Shuman and Hovermale, 1968) experi-
mentally extended south of 18°N (Flattery, 1971).
Unless otherwise indicated the domain of comparison
is the entire Northern Hemisphere below 110 mb.

A calculational problem arises in the treatment of
Fourier transformations in the presence of orography.
Except for the most recent GFDL study (Manabe and
Terpstra, 1974) orography was suppressed in the pre-
vious GFDL and NCAR studies that contain spectral
results (Manabe et al., 1970; Wellck et al., 1971).
Most observational data used by Saltzman in Fig. 1
have relatively coarse vertical resolution (data at
850 mb, 700 mb, . . .) near the ground. Although the
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Fic. 3. (a) Spectral energy diagram for January 1973 as calcu-
lated from the GISS model. (b) Spectral energy diagram for Janu-
ary 1973 as calculated from NMC observations. Boxes contain
zonal energies, P(0) and K(0), and eddy energies, P(n) and
K (n), associated with wavenumbers 1 to 15. Units for energies are
105 J m™2. Labelled arrows are conversions with the symbol for
each conversion given at the bottom of each column. Units for
conversions are W m™2,

GISS model uses o-coordinates, the comparisons with
observational data in this paper and S are made in
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pressure coordinates. Furthermore, the physical in-
terpretation of waves on ¢-surfaces is not obvious.
Once the choice of pressure-coordinate comparisons
is made, one must face the issue of what to do about
those pressure surfaces which intercept the earth’s
surface. The problem is closely related to the incomplete
circle effect studied by Baer (1973) and the non-uniform
station spacing effect studied by Julian and Cline
(1974). Two classes of meteorological variables must
be distinguished. First, variables such as #, the zonal
wind, satisfy the relation [#]—o,<0<[#]+0o, where
[«] is the zonal average and o, the variance around a
latitude circle. Here the inclusion of the subsurface
points either as 0 or as [#] does not drastically affect
spectral results. Specifically, K(1) changed by only
49, between these two choices. The results presented
in this paper were obtained using the choice of O for
such variables. '
~ A variable such as T presents a different problem.
Clearly the inequality

[(T]—or<0<[T]+or

is not satisfied. In this case, the choice was made of
substituting [T7] for such variables. Such a choice is
not bias free in the sense of not altering the various
wavenumber components. Appendix A shows the
problem in more detail and gives the exact bias-free
solution. Such a solution would be extremely time con-
suming and in view of small effects was not adopted.
It is important to realize that the resulting choice is
arbitrary, and, as a result, one cannot attach significance
of more than a few percent to results and fitted slopes.

4. Results of standard GISS model
a. Larger-than-grid-scale

Fig. 3 presents the spectral energetics diagram cor-
responding to Fig. 1 for January 1973 as calculated
from the model (a) and as calculated from the NMC
observational analysis (b). The X(0), P(0) and P(n)
terms display approximate agreement between model
and observations. The conversions C[P(n), K (n)] are
very difficult to calculate accurately due to the de-
pendence on w, the vertical pressure velocity. This field
is calculated from mass convergence in our analysis
while the data used by Saltzman assumes a quasi-
geostrophic relationship. The conversions show very
large fluctuations in the orographic region, wave-
numbers ~1-5. Fig. 4 shows this conversion for
wavenumbers 4-15 in graphical form. There is a
difference in shape between the somewhat peaked ob-
servations (Saltzman and NMC) and the more broad-
ened GISS and GFDL models. The increased peaking
also occurred in the GFDL model in the absence of
orography (Manabe and Terpstra, 1974, Fig. 8.3).
Note that their results are limited to the latitude band
40-50°N. We conclude that there is a definite difference
in the shape of the spectrum between models and
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F1G. 4. The conversion from eddy available potential energy to
eddy kinetic energy, C[P(n), K(n)], vs wavenumber. Wavenum-
bers 1 through 3 are not comparable due to differing treatments of
orography and fluctuate substantially. Their numerical values are
given in Figs. 1 and 3. Saltzman compilation from Saltzman
(1970). GFDL model from Manabe et al. (1970).

observations. Whether the effect is due to basic diffi-
culties with w-dependent quahtities or to more con-
sistent treatment of orography in the models requires
further investigation. Note that the original data used
by Saltzman were limited to one level.

Comprehensive spectral data for the other con-
versions have been presented in only two places:
Saltzman summarizes Yang’s (1967) results for C[ K (n),
K(0)] and C[K(m|#)], and Manabe ef al. (1970)
present C[P(n), K(n)] for the GFDL model. The
Manabe et al. results labelled T, are not directly com-
parable with Yang’s results. Specifically, Manabe
et al.’s T, is really the sum of C[K (m|n)] and C[K (n),
K(0)]. They do not present the results separately.

Manabe et al. argue that the nonlinear interaction
term C[K (m|n)]+C[K (n), K(0)] was small until the
resolution was changed from about 5° to 2.5°. This
change is shown in Fig. 5a. Our model results are shown
in Fig. 5b. Wavenumbers 1 through 5 are not com-
parable since Manabe ef al. omit orography. {See
Manabe and Terpstra (1974) for the effects of adding
orography on the conversion C[P(n), K (n)]}. Table 3

TaBLE 3. Integrated contributions (W m™2) from wavenumber 7.
to 15 for CLK(n), K(0)]+C[K (m|n)].

Cutoff

wave-

num-

ber GFDL GFDL GISS NMC

Me ~5° ~2.5° 4° 4°
6 +0.01 —-0.10 —0.18 —0.18
5 —0.02 —0.21 ~0.20 —0.23
4 —0.07 —0.32 —0.31 —0.32
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shows the integrated contributions from wavenumber
15 to a cutoff wavenumber #,. The nonlinear term is
clearly significant in the GISS model independent of the
arbitrary cutoff wavenumber #.. These results indicate
that the GISS model (with orography) produces non-
linear energy transfers using relatively coarse (~4°)
resolution.

Yang (1967) presents his results by grouping the
wavenumbers to determine the conversions with some-
what higher statistical confidence. In Table 4 we have
followed this procedure. Large disagreements are still
present for all conversions except C[ K (m|n)] for wave-
numbers 1 through 5. The conversion C[P(n), K(n)]
which depends sensitively on w fluctuates substantially

C[K(n),K(0)]+C[K(mIn)] vs.n

- == GFDL model N2OM (5°)

05 —o— GFDL model N4OM (2.5) _

(W/m?)

|
14 15

12 13

C[K(n), K{o}+C[K{mIn)] vs. n

~-o-- NMC observation =
—a— GISS model

I I I S |
6 7 8 9 10 1l
wave number, n

F16. 5. The nonlinear interaction terms, C[K(n), K(0)]
+C[K(m|n)], vs wavenumber. (a) GFDL results from Manabe
et al. (1970) for nominal resolutions of 5° (their case N20M) and
2.5° (N40M). (b) GISS model and NMC observations for Janu-
ary 1973.

| I
12 13 14 15

I S |
I 2 3 4 5
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TasLE 4. Conversions grouped as in Yang (1967). GFDL data are from Manabe ef af/. (1970). Units are W m™2,

1-5 6-10 11-15

GFDL GISS NMC Yang GFDL GISS NMC Yang GFDL GISS NMC Yang
CLP(0), P(n)] — 105 168 3.58 — 060 047 155 — 013 004 013
CLP(n), K(n)] 110 083 268 135 060 093 128 151 012 033 022 017
CLK (m|n)] — 014 02 017 — 017 017 029 — 002 0 015
CLK (n), K(0)] — 024 010 026 — 003, 006 0.19 — 0 001 003
D(n) 093 088 156 1.37 056 064 082 1.03 022 023 026 027

in all wavenumber regions. For other conversions the
GISS model and NMC analysis agree in the baroclinic
region (n=06 to 10). For D(n) we also have data from
the GFDL model. Fig. 6 shows that the wavenumber
spectrum of both models agrees quite well, while
differing in magnitude from the NMC analysis.

Examination of Figs. 1 and 3 and Table 4 indicates
that in the baroclinic wavenumber region (and to some
extent above it), Saltzman’s compilation is based on
analyses which represent a very active atmosphere.
Specific examples are the energies K(»), and conver-
sions C[K(n), K(0)], C[K(m|n)], C[P(0), P(n)],
D(n). These results derive from analyses of Wiin-
Nielsen and Yang on data for 1962 (January, April,
July, December) and February 1963 to January 1964.
Peixoto and Oort (1974) have presented non-spectral
data for these same years. Since interannual variation
might explain the differences we have compared the
K (n) terms in detail in Table 5. Wiin-Nielsen’s data
for 1962 exceed those of Peixoto and Oort by 309,.
For the month by month data each eddy kinetic energy
of Yang/Wiin-Nielsen exceeds Peixoto and Oort by
20% in July and August and 259, for the rest of
the year.

Because the Peixoto-Oort calculation deals more
directly and comprehensively with the primary data
we are inclined to accept it as more nearly correct.
Consequently, we conclude that the derived spectral
energies and conversions given by Saltzman are high
by 25%,. A later calculation (Wiin-Nielsen, 1967) from
the same data was subsequently used by Leith (1971)

D (n) vs. n
IR\
40 /1 ‘\\ —
o /N ~--GFDL model
30k ~d \ —o— GISS mode!

~~e.—-NMC observations
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12 3 4 5 6 7 8 910 111213 14 15

wave number, n

FiG. 6. The dissipation of kinetic energy D(n) vs wavenumber
GFDL results from Manabe ef al. (1970).

to analyze atmospheric predictability. Leith concluded
that a decrease of a factor of 4 in eddy kinetic energy
would increase his time scales by a factor of 2. Thus the
large magnitude of the spectral data may explain part
of the unusually short predictability limit of 1 week,
a possibility suggested in Leith’s paper.

Several other points may be noted. We do not re-
produce the anomalous flow of kinetic energy from
K (0) to K(3) found by Yang. We do, however, find an
anomalous conversion of energy from K (3) to P(3) in
the model in opposition to the observations and Yang’s
data. Here again a C[P(n), K (n)] proportional to w is
somewhat suspect. The flow of energy from P(0) to
P(n) is consistent between the model and NMC data,
but individual » scatter widely. We do verify Yang’s
result that this conversion is dominated by the low
(n< 8) wavenumbers.

Finally, unlike Saltzman’s compilation we have been
able to calculate all inputs and outputs to the quantity
K(n). His D(n) must be calculated as a difference.
Fig. 7 shows our residual values defined as

A(n)=C[P(n), K (n) ]+ C[K (m|n)]

—C[K (n), K(0)]—D(n).
Note that the model is in reasonable balance except
for wavenumbers 2 and 3 where one expects the stand-

ing waves induced by the orography to be important
(Manabe and Terpstra, 1974). We conclude that the

’
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FiG. 7. The residual error in the calculation of K(») vs wave-
number. The residual is defined as A(n)=C[P(n),K(n)]
+CLK (m|n)]—CLK (),K(0)]— D(n).
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TasiE 5. Eddy kinetic energy by months and years in units of 10° J m™2,

Monthly
Peixoto and

Annual

Oort Peixoto and

Month Wiin-Nielsen 19632 1958-1963¢ Years Wiin-Nielsen® Oorte
Jan. 1618v,1673¢,13654 931 1958-1959 813
Feb. 1299 870 1959-1960 793
Mar. 1224 798 1960-1961 781
Apr. 1102,1216¢ 720 1961-1962 827
May 912 645 1962 1180

June 776 569 1962-1963 818
July 652, 685 514

Aug. 618 508

Sept. 876 569

Oct. 1001,1148¢ 679

Nov. 1033 773

Dec. 1345 863

s Data for 1963 from Wiin-Nielsen (1967) except as noted.
b Data for 1963 from Wiin-Nielsen (1964).

¢ Data for 1962 fiom Wiin-Nielsen (1964).

d Data for 1964 from Wiin-Nielsen (1967).

e Data from May 1958 through April 1963 from Peixoto and Qort (1974), averaged from May through April of following year.

spectral energetics show the same precision (~20%)
as the non-spectral energetics, and that there is no
systematic bias as a function of wavenumber.

b. Subgrid-scale

The K (n) and P(n) spectra are the general circula-
tion model results most directly related to turbulence
theories. For 5° longitude spacing, wavenumbers out
to n=36 are at least theoretically possible. For the
. observational data Julian e/ al. (1970) show that spectra
are not completely trustworthy beyond n=15. Figs.
8a and b present the K(n) and P(n) spectra for the
model and observational data. The fitted slopes are
summarized in Table 6.

In interpreting K(»), we may make the following
observations. First, the GISS model has nominally
twice the grid spacing of the GFDL model. Second, a
linear fit between n=8 and 15 for the GISS data

TABLE 6. Summary of linear fits to the data for K(»n), P(n) and
enstrophy. Wavenumber ranges as indicated.

Wave-num-  Slope of

Variable Source bers linear fit
K model 815 —2.6
NMC 8-15 —3.6
P model 8-15 -2.0
NMC 8-15 —3.2
enstrophy model 8-15 —-1.0
NMC 8-15 —2.2
K model 6-15 —2.0
. model 8-20 —24

model with )

9 levels 8-15 —2.6

yields a —2.6 power law. Third, as discussed above,
the Saltzman results are from a very energetic year.
Note that while the observational data possess an
apparent —3 slope, both Wiin-Nielsen (1967) and
Julian and Cline (1974) have argued that such a slope
may  be an artifact of the transformation processes
applied to observational data. As indicated above some
turbulence theories yield a regime of —3 power falloff
if zero energy cascade is assumed and —35/3 if zero
enstrophy cascade is assumed. Both models and ob-
servations are clearly closer to —3 than —5/3 but the
evidence is not clear whether the atmosphere is exactly
—3. Table 6 also gives the results of two other arbitrary
choices of wavenumber limits for K(»). Inclusion of
n="6 to 15 clearly takes us out of a possible inertial
range and yields a slope of —2.0. Inclusion of =28 to
20 changes the slope to —2.4. This gives a sense of the
uncertainty in the basic resuit of —2.6.

The P(n) data show similar behavior with the GISS
model having a lesser slope of —2.0 and a pronounced
flattening between wavenumbers 15 and 30 which does
not appear in the observational data. For a 9-level
model P(n) is also expected to possess a slope of —3
(Charney, 1971). Our result of —2.0 clearly differs from
this value and -possibly is a consequence in this region
of the flattening seen at larger wavenumbers. No
published results for P(x) are available for other
models. In both K(#) and P(x) the model has a less
negative slope than the observational data. This effect
is most likely due to excess smoothing in the NMC
analysis or incorrect effective viscosity in the model.
The flattening at larger wavenumbers in P(n) is sub-
stantially reduced when we varied the model’s eddy
momentum coefficient as discussed in Section 4f.

Our results permit a check on one of the necessary
conditions for the existence of an inertial subrange.
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Fi1c. 8. Eddy kinetic energy and eddy available potential energy spectra vs wavenumber: (a) K(n), (b) P(n).

The flux of energy must be small in the inertial region
corresponding to a —3 slope. Barros and Wiin-Nielsen
(1974) define this flux as

oF
—=C[K(m|n)],
on
where #.is the wavenumber. By noting that

/ - dnC[K (m|n)]=0

we may choose the constant of integration. If we let
F(0)=0, then

F(n)=/”dn’C[K(m[n')].

The results of this calculation are shown in Fig. 9 for
the GISS model and NMC observations. The agree-
ment is good with a near-zero flux in the inertial region.
Similar results and the lack of an exact sum to zero

(i.e., area under the curve equal to zero) were also
obtained by Manabe et al. (1970). The residual flux may
be due to the approximations inherent in finite
differencing.

ENERGY FLUX vs. WAVE NUMBER

.30
A
I’ ‘\
20k ’.R\ A -o- NMC observations —
7 \ _,. Barros and Wiin—
Va7 N Nielsen model

GISS model —

.....

energy flux
g
>
N

| l L1 1 l t 1 |
6 7 8 9 10 |1 12 13 14 15
wave number, n

—1oHd

Fi:. 9. Energy flux cascading through wavenumber # vs wave-
number. Barros and Wiin-Nielsen observations from Barros and
Wiin-Nielsen (1974).
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Yang and Wiin-Nielsen discussed in Section 4a. The

c. Enstrophy

Enstrophy (mean squared vorticity) enters ex-
plicitly into both turbulence theory and Arakawa’s
numerical difference schemes. In turbulence theory the
inertial subrange corresponds to a wavenumber region
of constant enstrophy flux. In Arakawa’s numerical
difference scheme, enstrophy is explicitly conserved in
the limit of non-divergent mass flux. Although en-
strophy flux requires extensive additional calculations
(Steinberg, 1971; Steinberg ef al., 1971), enstrophy
itself is not difficult to calculate. Its precision is limited
because of the need to difference two almost equal
observed quantities.

Fig. 10 shows the enstrophy spectrum for the GISS
model, NMC observations, Steinberg et al.’s (1971)
observations, and Barros and Wiin-Nielsen’s (1974)
model. The inertial range slopes are comparable, and
equal the kinetic energy slopes decreased by 2, a result
derived in Steinberg (1971, Appendix C) for a 2-dimen-
sional wavenumber. The absolute values differ sub-
stantially. The explanation is probably related to the
excess magnitude found for the related analyses of

10 LA N B LI AR R Uk b 1 flattening in the GISS model at large wavenumbers
o ] probably indicates the generation of higher frequency
waves as an artifact of the differencing needed to
A a . . . neing .
2884 calculate enstrophy or difficulties with the effective
a " viscosity.
L W
Al d. Integrated energetics
r 1 Paper S makes comparison only with the annual
enstrophy ° cycle given in Oort (1964). In more recent work,
o . .
o Peixoto and Oort (1974) give a January energy cycle.
107 g o 7 This more recent study involved the space-time
L o 4 . o . . .
sec2f @ 1 domain while the comparisons in paper S were made in
i o a_ the space domain. The difference involves defining
3 ° o K (0) as the mean zonal motion (space domain) or as
. 88 oS the mean zonal and temporal motion (space-time
i . o 1 domain). In both cases the summed K (n) are the differ-
[ ] O.. =] . .
o o9 0 | ence between K(0) and Ky, the total kinetic energy.
. ot Peixoto and Oort conclude that the differences for the
° & conversion terms are not significant. Calculations of the
102 o NMC observation %y, | energetics ngade in connection with paper'S showed
[ © GISS model o ° 1 negligible differences for space and space-time values
A ar . glgy P 1 sp
[ ,:'e'"b‘”; %3?”‘;;‘,":’“ % & of P(0), P(n), K(0) and K(»). Figs. 11 a-d present
L% O oder T esen ° the new Peixoto and Oort cycle, the spectrally summed
]
3 0,
%u energies in 10° J/m?
3 % 4 PLOTTING:
° MODEL conversions in
. % W/m?2
Tok A R R ST A
| 2 3 4567890 I5 202530
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Fic. 10. Enstrophy vs wavenumber. Steinberg observations
‘from Steinberg (1971). Barros and Wiin-Nielsen model data from
Barros and Wiin-Nielson (1974). | ‘°A5J | 55~°|
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{c) Oort and Peixoto (1974)

NON-SPECTRAL ENERGETICS

Fic. 11. Non-spectral energetics diagram. (a) GISS model for
January 1973, integrated from 110 mb to the earth’s surface for
the Northern Hemisphere (levels 2 through 9 in Somerville et al.
(1974). The non-zonal energies and conversions are summed over
wavenumbers 1 through 30. (b) NMC observations. (c) Data from
QOort and Peixoto (1974) for January. (d) Data from Saltzman
(1970) for winter with non-zonal energies and conversions sum-
med over wavenumbers 1 through 15. Diagrams (a), (b) and (d)
are in the space domain; diagram (c) is in the space-time domain.
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cycle implicit in Saltzman (1970), the spectrally
summed cycle of the GISS model, and the spectrally
summed cycle calculated from the NMC observational
analysis. Our values of P(0) and P(#n) are calculated
on isobaric surfaces. Dutton and Johnson (1967) have
argued that an error of up to a factor of 2 is possible
as a result.

Fer P(0) the results now show good agreement be-
tween Peixoto-Oort, the NMC January data, and the
model. This removes the problem of comparing with
annual and seasonal data as in paper S. As indicated
previously, Saltzman’s data for K () are high. For
K(0) there is a general agreement among all four
sources. The remaining energies and conversions are
also in reasonable agreement except C[P(0), P(x)]
from Saltzman.

e. Spatial energetics

Peixoto and Oort have also presented spatial dis-
tributions of the various energies (Peixoto and Oort,
1974) and conversions (Oort and Peixoto, 1974).
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Fi1c. 12. (a) Spatial distribution of the zonal available potential
energy P(0) for the Northern Hemisphere, January 1973, from
the GISS model. (b) NMC observations. (c) Northern Hemisphere
and equatorial regions for January from Peixoto and Qort (1974).
Units: 105 J/(m? bar).
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equatorial regions for January from Peixoto and Qort (1974).
Units: 10% J/(m? bar).

In general we find good agreement between their
results, the GISS model, and NMC data as displayed
in Figs. 12-17,

Fig. 12 shows P(0). We find all three results con-
tain peaks in the equatorial region and at sub-polar
latitudes. The good equatorial agreement is an en-
couraging by-product of a global model. Fig. 13
shows K (0). There is good quantitative agreement on
the location, height and strength of the time-averaged
jet stream. Its broadening in the model is evident, a
defect to be noted again below.

The eddy terms are formed by summing over wave-
numbers 1 to 30. Fig. 14 shows P(n). The only strong
feature is a near-surface peak in high latitudes, located
correctly but with a larger peak value in the model.
Fig. 15 shows K(»). Hence there is significant dis-
agreement, with both sets of observations agreeing,
but with the model showing a weaker peak at the same
level, displaced well northward.

Fig. 16 shows

> CLP(©),P()],

n=1
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F16. 14. (a) Spatial distribution of the eddy available potential
energy P(n) summed from wavenumbers 1 through 30. Data is
for Northern Hemisphere, January 1973, for the GISS model. (b)
NMC observations. (¢) Eddy available potential energy from Pei-
xoto and Oort (1974). Data are for Northern Hemisphere and
equatorial regions for January. Their calculation is equivalent to a
spectral sum over all wavenumbers. Units: 105 J/(m? bar).

the conversion to eddy available potential energy.
The upper troposphere values are comparable but here
the two observational data sets disagree on the exis-
tence of a near surface peak. In contrast, the corre-
sponding term for kinetic energy conversion in Fig. 17,

30

Zl C[K(n),K(0)],
shows a most pronounced difference between model and
observations. Both observational data sets show a
characteristic conversion to the mean flow south of the
jet and from the mean flow north of it. In the GISS
model results the peak north of the jet is distinctly
absent. Since this conversion term is proportional to
dv/9¢, the effects of a weak, diffuse jet stream is
clearly shown.

f. Viscosity dependence

During the development of the model it was found
that the general circulatioh depended sensitively on the

VoLuME 104

kinematic viscosity used in the parameterization of
vertical eddy transport of horizontal momentum. This
dependence has been studied further in a subsequent
paper (Stone et al., 1974). They found that a large eddy
viscosity (20 m? s™!) improved the tropical flow but
decreased the extratropical eddy motions to unreal-.
istic values.

Figs. 18a, b present the K(#) and P(n) spectra
from their case A (eddy viscosity=0) and case B (eddy
viscosity =20 m? s7!). These figures show that the eddy
energies are reduced uniformly at all scales except for
n=23 which is influenced by orography (Manabe and
Terpstra, 1974) and #="7. The inertial range is still
present with slopes for case A of —3.2 and case B of
—2.9. Because of other changes the standard model
(case C in Stone et al., 1974) is not exactly comparable.
However, we do note that the high viscosity run retains
some but not all of the extraneous high frequency
energy in P(n) and enstrophy.
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F1c. 15. (a) Spatial distribution of the eddy kinetic energy
K(n) summed from wavenumbers 1 through 30. Data are for
Northern Hemisphere, January 1973, for the GISS model. (b)
NMC observations. (c) Eddy kinetic energy from Peioxto and
Oort (1974). Data are for Northern Hemisphere and equatorial re-
gions for January. Their calculation is equivalent to a spectral
sum over all wavenumbers. Units: 10° J/(m? bar).
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5. Conclusions 65 (a) GISS MODEL

Our analysis of the spectral energetics diagram for g y (=== [\_
the GISS model and NMC observations of January u285 L 2 O SO 7
1973 leads to the following conclusions. Except for %505N° "o o I
diffuse eddy kinetic energy, other larger-than-grid- §725 ~ _
scale processes have been correctly modeled. Specific 5945 ML 2 0 1

examples are: 1) Significant nonlinear energy transfers
were obtained in the wavenumber region 5-15 with a
relatively coarse nominal resolution of 4° (latitude) by
5° (longitude). 2) The baroclinic conversion C[P (%),
K (n)] is large near the middle wavenumbers, 6-8, but
does not show the sharp peaking of non-orographic
models and observations. Further investigation is
needed to resolve whether this is a real effect or an
artifact of difficulties with w dependent quantities. 3)
The energetics of the model are internally consistent.
For all #’s except the first few, the residual of the
inputs and outputs to K (%) shows no systematic trend
with #. The first few waves and especially #=3 have
imbalances related to orography. 4) In all of these
results, Saltzman’s compilation seems to be based on
analyses yielding energies which appear about 259,
too large.
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Fic. 16. (a) Spatial distribution of the conversion from zonal
available potential energy to eddy available potential energy,

CLP(0), P(n)], summed from wavenumbers 1 through 30. Data’

are for Northern Hemisphere, January 1973, for the GISS model.
(b) NMC observations. (c) Conversion term from Oort and Pei-
xoto (1974). Data are for Northern Hemisphere and equatorial re-
gions for January. Their calculation is equivalent to a spectral
sum over all wavenumbers. Units: W/ (m? bar).
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F16. 17. (a) Spatial distribution of the conversion from eddy
kinetic energy to zonal kinetic energy, C[K(n), K(0)], summed
from wavenumbers 1 through 30. Data is for Northern Hemis-
phere, January 1973, for the GISS model. (b) NMC observations.
(c) Conversion term from Oort and Peixoto (1974). Data are for
Northern Hemisphere and equatorial regions for January. Their
calculation is equivalent to a spectral sum over all wavenumbers.
Units: W/ (m? bar).

Subgrid-scale processes are consistent with an in-
ertial range characterized by zero energy flux. These
data display simple power law behavior in P(n), K (n)
and enstrophy in the range #n=8 to 15. The necessary
condition that the energy flux be very small was
explicitly verified. Exact slopes must be treated with
caution in view of the effects of smoothing and
orography. ;

The model spatial energetics are in good agreement
with both NMC observations for January 1973 and
Peixoto and Oort’s (1974) climatological January. The
non-spectral energy diagram is now also in very good
agreement. Our two areas of disagreement are in the
sharpness of the jet stream and in the absence of the
conversion C[ K (n), K(0)] north of it. We have also
explicitly calculated the enstrophy. The model spec-
trum shape is comparable to observation but there is a
significant difference in absolute magnitude. The
excess values of both P(n) and enstrophy for #225
may indicate evidence of truncation problems for
energy terms sensitive to differences. Continuing work
on the effects of greater resolution, more accurate
difference schemes, and improved model physics is
underway to examine these problems.



28 MONTHLY WEATHER REVIEW

A T T T T T T T 7TV T TIroar
55k A S
i s
B
A
5.0 -
A
8 A
& 4
45 LI ]
B A
P ® AA
¥°‘\é4.0— B -
g3 A zero viscosity 5 2a
B large viscosity B A,
B A
35} Peg 1
8 Aﬂm
- BBBB Oy
B, 5 B
% 6
8
30 -
25 1 L4 1 111 ‘lllllllllllllllhlJ
| 2 3 4 5678910 1520 30
wave number, n
5.5 1 I T T T T 1 7T VT
A
50K A A -
B A
B 8 Aa
45 — B SA . -
: B
A
A
c 8 4
£ A
a £ 40 5 —
o2 A
o
L A
A zero viscosity gt AA
350 B large viscosity 8 . AAA |
8 A
BB “AA
“
By
30 BBB BA_A
88
BB
8
2.5 I ] L1 11 Illnnnluuluusj
| 2 3 4 567890 15 20 30

wave number, n

Fic. 18. (a) Eddy kinetic energy and (b) eddy available poten-
tial energy for the zéro viscosity and large viscosity cases of
Stone ef al. (1974).

VOLUME 104

Acknowledgments. I am grateful to Richard Somer-
ville and Peter Stone for encouragement and many
helpful comments. William Quirk was equally helpful,
and, in addition, provided the basic diagnostic pro-
grams upon which the spectral analysis was super-
imposed. Abe Seidman provided some useful sugges-
tions on spectral analysis.

APPENDIX A
Bias-Free Spectra in Mountainous Regions

For clarity let us work with discrete Fourier series
and an explicit sine, cosine formulation. Let 4(x) be an
arbritrary function whose value is known at 2V points,
%, =0 to 2N — 1. Then %(x) may be represented by a
Fourier series as

N-1
h(x)= 3. (A.cosnx+ B, sinnx).

n=0

For simplicity of notation we will not separate out A4°
and will include B, which is identically 0. The standard
procedure for obtaining the 4, is to multiply through
by cosmx; and sum both sides over all the points x;:

2N—1

> cosmwi- h(x:)

3=0
2N—-1 N-1

=Y Y (4.cosnx;+B, sinnx;) cosmx;. (1)

=0 n=0

Interchanging summations on the right hand side and
using

2N—1 N, n=m, #0
> cosnx; cosmx;=
=0 0, n#m
2N—~1
> sinnx; cosmx;=0 .
=0
yields
2N—-1
S cosmxi- h(xi)=AmN,
=0

which yields 4, without difficulty. A similar procedure
yields By,

Let us now repeat the process but omit from the left-
hand side of (1) the term for some 4= j at which point
the function %(x;) may be unknown. Then we obtain

2N—-1
> cosmai- h(x:)
$=0, 55
2N—1 N—-1 .
=3 ¥ (4, cosnx;+ B, sinna;) - cosma;
=0 n=0 '
N-1
— 3 (4, cosnx;+ B, sinn;) - cosmx;

n=0

-
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or
2N—1 N-1
> cosma;h(x)=An - N—7. (A, cosnx;
i=0,5%j n=0
4 B, sinnx;) - cosmx;,  (2)
with a corresponding equation for the sine terms
2N-1 N—-1
> sinmax;- k(%) =Bn-N— 3 (A4, cosnx;
=0, 57 n=0

—+ B, sinnw;) -sinmx;.  (3)

To simplify notation we let C be a 2N component vector
defined as
(4, )

AN—l

By

LBN—l J

and H(z;) be a 2N component vector consisting of the
elements ‘

—_ 2N—1
Hn(x)= > cosmx; h(x:),

i=0,#j

m=0 to N—1,

2N—-1

Hu()= 3 sinfm—N)z-h(x), m=N to 2N—1,

=0,55

where the notation H(x;) implies that it is not a
function of x;; and T, (x;) be a square matrix with row
index m and column index »

n=0---N—1 N---2N-1
m=0 [ | )
P [cosnx; cosmx; sin (n— N)x; cosma;
N—=1l|-—m— - —— fJm e — —
|
N o
: cosnxjsin(m—N)x; |sin(n—N)x; sin(m—N)x;
2N —1] | J

Then Eqs. (2) and (3) may be rewritten in the com-
bined form:

H(x))= NC—T(x;)C=[N - T(x)1C,

or
C=[N—T(x;)T'H(x,).

The inversion of this matrix gives the desired bias-free
solution for the Fourier coefficients C. It is bias-free in

the sense that no arbritrary assumptions have been '

made about the values of the function % at the point
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x;. Furthermore, the procedure is clearly generalizable
to more than one missing point:

C= (V=T () =T (@) - )" H(zs,ma,- - ).

For a small number of points missing the matrix is
likely to be well-conditioned. For a large number of
points missing the matrix probably becomes ill-condi-
tioned in analogy to the situation found by Julian and
Cline (1974) for unequal station spacing.
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